Abstract-The complexity of the modeling of the rotational motion of the Earth in space has produced that no single theory has been adopted to describe it in full. Hence, it is customary using at least a theory for precession and another one for nutation. The classic approach proceeds by deriving some of the fundamental parameters from the precession theory, like, e.g., the dynamical ellipticity H d , and then using those values in the nutation theory.
Introduction
Earth rotation is presently a very active field of research, in which mathematical and physical methods concur to satisfy the very stringent demands of accuracy resulting from a broad set of applications to various fields. A comprehensive description of the geodetic problems and the expected societal benefits which led to the establishment of the requirements of such high accuracy can be seen, e.g., in PLAG and PEARLMAN's book (2009) on GGOS, the global geodetic observing system promoted by the International Association of Geodesy (IAG).
To respond to the scientific challenges associated with the rapidly increasing requirements associated to geodetic observations ), GGOS demands improved consistency to all IAG products at the Horizon 2020, as well as and accuracy of the order of 1 mm to the frames of reference, besides a stability in time of 0.1 mm/year. The former accuracy in position, measured on the Earth surface, corresponds roughly to an angle of 30 las from the Earth's center. The realizations of the terrestrial reference frames (TRF) depends on complex processes and are highly correlated with the determination of the Earth orientation parameters (EOP), which provide the time dependent rotation relating the terrestrial to the celestial reference frames (CRF)-see, e.g., HEINKELMANN et al. (2015a, b) .
From the observational side, the accuracy and performance of the major Space Geodesy techniques contributing to the EOP determination is noticeably increasing. A good example is provided by the deployment of a new generation of very long baseline interferometry (VLBI) stations compliant with the GGOS/IAG 2010 specifications, the so-called VGOS. It can be expected that more accurate EOP time series will be produced in a few years, even at a sub-daily rate, following the experience of continuous VLBI campaigns (NILSSON et al. 2010) . That would be useful to overcome deficiencies in the models used to describe diurnal and sub-diurnal variations of EOPs (BÖ HM et al. 2012) .
In this context, the International Astronomical Union (IAU) and the IAG set up a new Joint Working Group on Theory of Earth Rotation (JWG_ThER). It was aimed at promoting the development of theories of Earth rotation that are fully consistent and that agree with observations and provide predictions of EOP with the accuracy required to meet the needs of the near future; its operation started in 2013. Consistency at the targeted level of accuracy is one of the main topics of interest since the beginning of the activities of that JWG.
Within this framework, we examine the effect stemmed by the simultaneous assignment of more than one value to a same parameter in different components of the precession and nutation theories. Since the modeling of the Earth rotation is extremely complex, its motion is usually described considering one theory for its long-term behavior, precession, and other for the short-term one, nutation. This twofold approach has the consequence that the parameters entering in the description are not given exactly the same values in precession and nutation theories, as it should be obviously. This lack of consistency might originate numerical differences that would be incompatible with nowadays accuracy requirements. The situation is even more complicated, because the current nutation model, IAU2000, is, as well, made up of two different theories, namely, the rigid Earth theory REN2000 (SOUCHAY et al. 1999 ) and the nonrigid transfer function of MHB2000 that is applied to REN2000 terms.
In particular, we focus on the slightly differences considered in precession and nutation models for the numerical values of the dynamical ellipticity 1 H d ,
Þ=C, being C the polar and A the mean equatorial moments of inertia of the Earth, since it is a key parameter in the determination and understanding of the rotation of the Earth.
Basically, the main differences arise because the dynamical ellipticity considered in the current precession model, IAU 2006 (HILTON et al. 2006 , introduced a time-dependent part, due to the J 2 time rate, not considered in IAU2000 nutation model. In turn, second-order effects coming from the nutationnutation coupling, in the sense of perturbation theories, induce a net contribution to the value of precession, hence producing a change of H d not taken into account in IAU 2006 precession model. Next, we discuss the scope of those inconsistencies and estimate their numerical influence in the precession and nutation of the Earth.
The paper is structured as follows. In Sect. 2 we sketch the main features of the official standards of precession and nutation adopted by IAU and in force nowadays. We show the potential sources of inconsistencies motivated by the co-existence of three different dynamical models that serve as the basis of the nutation and precessional ones. The adjustments of the nutational part to the precessional one, to achieve higher levels of consistency, are examined in Sect. 3; whereas, those induced by improvements in the mathematical methods of solution or some selected, previously unaccounted, geophysical effects on the precession and nutations are presented in Sect. 4. Finally, we draw some general conclusions about their implications on the current requirements of accuracy of precession-nutation theories.
Background: Current Precession and Nutation Models
The General Assemblies (GA) of the International Astronomical Union (IAU) held in 2000 and 2006 approved transcendental Resolutions relative to the precession and nutation models that are widely used 1 Some authors prefer the denomination of dynamical flattening (e.g., HUANG et al. 2014) . Here, we follow the terminology employed in KINOSHITA (1977) , MORITZ and MUELLER (1987) 
Here, w A and A are the angles providing the precession of the equator in longitude and obliquity (CAPITAINE et al. 2003) , respectively, and t is measured in Julian centuries since JD2000.0. At the highest levels of precision, the replacement of the precessional part of IAU2000 by P03 is not trivial: the three main components of the IAU2000 and IAU 2006 precession-nutation theories (REN2000, MHB2000, P03) assign slightly different values to several astronomical and geophysical parameters with identical definition, due in part to their updating. That source of inconsistency was already pointed in a first analysis by CAPITAINE et al. (2005) .
At this point, it is convenient to recall some basic features of the implied theories. The rigid Earth theory REN2000 is mainly analytical and provides expressions for both precession and nutation, unlike the non-rigid theories based on the transfer function approach. It uses the Hamiltonian formalism, following the method first developed by KINOSHITA (1977) , both regarding the used canonical variables and the derivation of the solution by means of perturbations methods (in particular the Lie-Hori canonical one, HORI 1966 , KINOSHITA 1977 ; the tide generating potential (first-order gravitational disturbing potential) is expanded in terms of the canonical Andoyer's variables and the five classic Delaunay's angles appearing in the analytical solutions to the lunar and planetary orbital motions, which implies the dependence of most of the longperiod nutation terms on those fundamental arguments, denoted as
The subindex i represent a 5-tuple of integers m ij ; l, g and h are the usual Delaunay variables of the Moon (M); l 0 , g 0 and h 0 are those of the Sun (S);
is the longitude of the node of the plane orthogonal to the angular momentum axis with respect to the ecliptic, reckoned in direct sense.
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At the first-order of perturbation, the nutations in longitude, Dw, and obliquity, D, are given as sum of the so-called Poisson and Oppolzer terms, which provide, respectively, the perturbations due to action of the disturbing bodies, mainly Moon and Sun, on the angular momentum axis and the differential perturbations of the figure axis with respect to the former.
In the following expressions, originally developed in this way by KINOSHITA (1977) , the Poisson terms are those depending on functions B i;p of the auxiliary angle I 0 , while the Oppolzer terms contains functions C i;p . Recall that I 0 ¼ À A ðtÞ according to the perturbation method, although the strictly quasi-periodic nutation terms result from substituting I 0 ¼ À 0 , the constant term of A in Eq. (1). Namely, it turns out that (KINOSHITA 1977)
Here n i ¼ _ H i are the time derivatives of the nutation arguments H i , n l is the mean motion (or frequency) of the Andoyer variable l, close to the conventional mean value of the angular velocity of the Earth, x E , and k M , k S are the parameters introduced by KI-NOSHITA (1977), defined by
which are proportional to the Earth's dynamical ellipticity H d . The gravitational constant is denoted as G, m p stands for the mass of body p, and a p is the semi-major axis of its orbit. The functions B i;p and C i;p depend on the orbital coefficients A ðjÞ i computed first by KINOSHITA (1977) , then by KINOSHITA and SOUCHAY (1990) and afterwards by NAVARRO (2001) , from the analytical solutions ELP2000 and VSOP87 (CHAPRONT-TOUZÉ and CHAPRONT 1983; BRETAGNON 1988) 
With respect to the precessional motion, the main component, p 0 A , of the general precession in longitude rate, p A , is given by
It is attributable to the first-order secular solution (KINOSHITA and SOUCHAY 1990) , and the original notation there is kept: constants M 0 and S 0 are the orbital coefficients A 
ð0;0;0;0;0Þ;S , respectively, m B represent the mass of each body (B ¼ E; M; S) and n B its relative mean motion. The observed value of the precession rate adopted in REN2000 was the one recommended by IAU at that time (the Lieske's constant, not the value updated in 2006). It was used to estimate p 0 A and then to derive the value of H d , and the resultant Kinoshita's constants k M and k S , depending also of the system of astronomical constants in force those years (LIESKE et al. 1977) . SOUCHAY and KINOSHITA (1996) already provided convenient expressions to update the value of the dynamical ellipticity as other parameters would vary, i.e.,
À7 dp A þ 6:8812 Â 10
where here dl and dq represent the variations associated to the mass ratios between the Moon, the Earth, and the Sun. The estimated value of p 0 A (and thus H d ) changes not only along with variations of the observed precession rate, p A , but also with the changes of the precession of the ecliptic and various higher order contributions to precession, here denoted globally as p S (either by the updating of the values of some accounted effects or by the addition of new contributions), since p
Non-rigid nutation theory MHB2000 is basically derived by convolving a certain nutation vector g R ðr; e R Þ, a complex linear combination of the nutations in longitude and obliquity, computed from the previous REN2000 solution after decomposing each periodic nutation in prograde and retrograde parts. After introducing a generalized transfer function T r; eje R ð Þ, the amplitude of each nutation term The basic geophysical Earth model in MHB2000 has an elastic mantle, a fluid outer core (FOC), and a solid inner core (SIC), and its main features are gathered in a set of basic Earth parameters (BEP), some of them being fitted to observations. Effects of anelasticity and oceans were treated as corrections to some BEP, although, e.g., they could have been alternatively incorporated into the integration of the dynamical equations of non-rigid Earth nutation by introducing complex elastic Lame parameters ) and non-free stress boundary condition on the outer surface (HUANG 2001) . The model also considers electromagnetic and viscous couplings, or torques exerted by the fluid outer core on the mantle and on the inner core at the core-mantle boundary (CMB) and inner-core boundary (ICB), respectively.
The MHB2000 transfer function is given by a resonance formula depending on the normal mode frequencies r a of the basic Earth model and the relevant forcing frequencies r
Let us remark that in the previous formula H dR stands for the dynamical ellipticity of REN2000, which is allowed to be given a new value H d in the computation of the MHB2000 transfer function for the sake of a better fitting of the theoretical to the VLBI observed amplitudes of a selected set of main nutation terms, which gave raise to the introduction of the additional parameter N 0 . However, MHB2000 final nutation series were derived with a different transfer function, owing to a similar functional dependence but in which some of the geophysical parameters were changed from constants (N a and r a ) to linear functions of time (Q a and s a ) in the diurnal band, also in order to improve the fitting to observations. It may be not out of place to point out that nowadays MHB2000 model presents some shortcomings. For instance, it was early recognized (GETINO and FERRÁ NDIZ 2000) that the transfer function treatment of second-order effects, i.e., nutationnutation couplings proportional to H 2 d , is not correct, since this method is essentially linear-a fact also pointed out by MATHEWS et al. (2002) . Yet another problem recently discussed is referred to the electromagnetic coupling at the CMB estimated in MHB2000 (2002). That mechanism was proposed to fill the dominant gap between the values of the period of the free core nutation (FCN) normal mode and the amplitude of retrograde annual nutation term either derived from theory or from observations, and stressed as one of the main advantages of that model over all other non-rigid Earth nutation models.
However, that coupling has been studied further and suspected broken by other works, e.g., HUANG et al. (2011) . In that investigation it is used the same model and values of the electromagnetic parameters crossing CMB as in BUFFETT et al. (2002) . It was found that the contribution of this coupling to the retrograde annual nutation, and the change of the FCN period as well, is approximately one order of magnitude smaller than what is required, and also expected in BUFFETT et al. (2002) , to fill the difference between the observations and the said theoretical models. Hence, there are other mechanisms that must play a more important role than previously considered in MHB2000 like, for example, viscous coupling, topographic coupling, etc. (see HUANG et al. 2011 and references therein) .
As a consequence of the foregoing description of the current IAU Earth rotation theory, the adoption of the precession model IAU2006 compels the adjustment of the IAU2000 nutation series to keep consistency within the set of successive IAU Resolutions (B1.6 adopted in 2000, B1 and B2 in 2006) . In its turn, a right treatment of different non-rigid couplings of the nutation model, i.e., nutation-nutation cross effects, entails the appearance of new contributions to the precession rates. Both issues lead to differences in the employed values of the dynamical ellipticity H d and are revised in the next sections. Vol. 173, (2016) Consistency Problems in the Improvement of the IAU 865
Changes of IAU2000 Nutation Theory from IAU2006 Precession Theory
As explained in the last section, the current IAU precession and nutation official models stem from separate dynamical theories. Needless to say that this is a valid approach, but current accuracy requirements demand a detailed analysis about the way in which these two parts are matched, in order to ensure the highest levels of consistency.
Next, we discuss the changes induced by the IAU2006 precession theory on the IAU2000 nutation theory. A comprehensive study of all the involved effects can be found in ESCAPA et al. (2014) . ESCAPA et al. (2015) provide the theoretical background and technical details necessary to formulate those effects within the Hamiltonian framework.
The adjustments considered in this work are due to the new features considered in the P03 precession model arising from the inclusion of the J 2 time rate, _ J 2 , in the modeling of the J 2 coefficient. Since the effects to be discussed here are at the micro-arcsecond (las) level in the amplitude of each argument H i of the nutation series, we consider a first-order theory that accounts for the nutations of the angular momentum axis (Poisson terms), incorporating into the modeling the J 2 time rate. As it is well-known those nutations are common for one, two, and threelayer Earth models (MORITZ and MUELLER 1987) .
The time evolution of the angular momentum axis is constructed by means of the Hamiltonian formalism. In the expression of the Hamiltonian, the Kinoshita's parameter k p , which is proportional to the Earth's dynamical ellipticity, is replaced by a timedependent function taking into account the H d time rate induced by the J 2 time rate. At first order, it has the form
where k p;0 denotes now the time-independent Kinoshita's parameter for Moon and Sun introduced in Eq. (3). The computation of this effect (ESCAPA et al. 2014 (ESCAPA et al. , 2015 , following the perturbation equations, leads to the appearance of mixed secular terms (proportional to t, previously reported in CAPITAINE et al. 2005), and to in-and out-of-phase nutations. Namely, the following expressions to be summed to Eq. (3) are obtained
To be consistent in the development of the theory, the inclusion of the J 2 time rate forces the consideration of the time rate of the orbital coefficients A ð0;1;2Þ i (KINOSHITA 1977), due to the secular variation of Sun eccentricity (ESCAPA et al. 2014 (ESCAPA et al. , 2015 . Analytically its treatment is similar to that of J 2 rate, providing also out-of-phase nutations and mixed secular terms with formulas similar to Eq. (10). Let us note that the mixed secular terms in Eq. (10) are proportional to _ J 2 =J 2 , both in longitude and obliquity, in agreement with the result derived in CAPITAINE et al. (2005) . Strictly speaking those expressions are only valid for the first-order terms of the nutations, proportional to H d , since some of the second-order terms are proportional to k 2 p , i.e., to H 2 d , and the rescaling factor to be considered would be different from _ J 2 =J 2 . In contrast, the out-of-phase terms have not been considered previously and provide new relevant contributions at the las level given by
In these expressions, and subsequent ones unless otherwise specified, the amplitudes are given in micro-arcseconds. Table 1 includes all the main related corrections arising from the J 2 time rate, comparing the mixed secular terms with the ones computed previously and currently included in IERS Conventions 2010.
The P03 precession model also introduced other changes in the numerical values of some precession parameters, which were different from LIESKE et al.
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A. Escapa et al. Pure Appl. Geophys. (1977) . Specifically, the updating of the value of the obliquity I 0 ¼ À A originates significative contributions, above the micro-arcsecond level, that should be envisaged as corrections to the IAU2000A nutation series in order to ensure its consistency with the IAU2006 precession. Corrections of this kind were first derived by CAPITAINE et al. (2005) who provide the terms
gathered in Sect. 5.6.3 of the IERS Conventions 2010. A more detailed study falls out of the scope of this paper, which focuses on effects associated to the variations of the dynamical ellipticity. However, for the sake of completeness, let us say that the former corrections were completed by ESCAPA et al. (2014 ESCAPA et al. ( , 2015 . According to the premises stated in those references, the total effect is
Unaccounted Contributions to the Earth's Precession and Effects on Nutations
With the precedent notations, the precession of the equator is made up of the main linear term p 0 A t and various second order, smaller contributions. Let us recall that the expression ''second order terms'' is used in the literature to designate contributions of very different kinds. First, it means terms of various physical origins that produce linear perturbations of small magnitude. There are also second-order terms in the sense of the perturbation methods, which are quadratic in the main perturbation parameter, which we can assimilate to H d , so arising from the crossing of first-order perturbations-asymptotically speaking. There were included in REN2000 for the rigid model, but a linear convolution with a transfer function is meaningless or doubtful since it does not fit well with the quadratic essence of those terms, as was pointed out in Sect. 2.
Second-order terms accounted in the precession theory have stayed unchanged since several years. A classic source is the paper by WILLIAMS (1994); KI- NOSHITA and SOUCHAY (1990) computed the full (quadratic) second-order effects for the rigid Earth, clarifying some differences of terminology and casting of terms with respect to Williams in their 1997 paper (SOUCHAY and KINOSHITA 1997) . Those former contributions are the same shown by CAPITAINE et al. (2003) -apart from some slight adaptations.
However, a few, significant, new contributions have been found in the last years. The most remarkable are due to: (1) non-rigid quadratic second-order mathematical solution (FERRÁ NDIZ et al. 2004 NDIZ et al. , 2007 ; (2) effects of the mantle anelasticity (LAMBERT and MATHEWS 2006 coupled to oceans, as well as FERRÁ NDIZ et al. 2012; BAENAS 2014, uncoupled) . Following the analytical procedure described above, the Hamiltonian approach provided a systematic procedure to compute both kinds of terms, which guarantees the consistency of the results; the method proceeds by adding the new relevant terms to the basic Hamiltonian and then applying the same perturbation method to the extended Hamiltonian. 
Unaccounted Effects on Non-Rigid Earth Precession
After P03 precession model was adopted, several research works have identified non-negligible effects on non-rigid Earth precession. Their addition to the existing models is equivalent to a suitable change of the determined (or observed) value of precession, producing thus an equivalent change of the value of the main coefficient p 0 A . Therefore, the derived parameter H d varies accordingly and the whole set of nutations suffers and indirect effect along with that change. Notice that, the quadratic rigid second-order effects on precession being part of REN2000, they must be subtracted from those computed from a more realistic non-rigid Earth model to derive the effective variations of them. Table 3 . Note that some of them reach tens of las, well above the accuracy objective pursued nowadays.
Conclusions
Current research on Earth rotation modeling, encouraged by the IAU/IAG Joint Working Group on Theory of Earth Rotation, has to face the problem of obtaining very demanding accuracy goals, set as 30 las and 3 las/year in orientation and velocity, respectively, as shown, e.g., in FERRÁ NDIZ and GROSS (2014a, b) . This is the same very stringent level of accuracy first established by the GGOS of the IAG, see, e.g., PLAG and PEARLMAN (2009) for a comprehensive description of the geodetical problems and the expected societal benefits which led to such highaccuracy requirements, including the geodetical monitoring of the global change. The consistency of the current precession and nutation theories (derived successively in time as a set of three main pieces, based on mathematically different approaches) is an obvious requirement, although it is not fully achieved at such level of accuracy, but additional corrections must be added to the existing ones. Although only few nutation terms require not negligible corrections due to the differences of the dynamical ellipticity values used in the IAU2000 and IAU2006 models, as shown in this paper, those corrections cannot be ignored any more, since they are needed to ensure the consistency of the current precession-nutation models.
